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Abstract 



Functions of several octonion variables are investigated and integral representation 
theorems for them are proved. With the help of them solutions of the 3-equations are 
■ studied. More generally functions of several Cayley-Dickson variables are considered. 

. Integral formulas of the Martinelli-Bochner, Leray, Koppelman type used in complex 

analysis here are proved in the new generalized form for functions of Cayley-Dickson 
variables instead of complex. Moreover, analogs of Stein manifolds over Cayley-Dickson 
graded algebras are defined and investigated. 

1 Introduction 

In previous papers functions of one quaternion and Cayley-Dickson variables were investi- 
^ ■ gated [19, 20]. In them superdifferentiability of functions was studied and the theory of 
holomorphic functions was investigated. It was done with the help of line integration intro- 

O 

> 



duced and studied there. This line integration restricted on complex functions gives ordinary 
Cauchy integral, but ordinary Cauchy integral can not be in the usual manner extended on 
continuous functions of Cayley-Dickson numbers. 

This line integral is additive by rectifiable paths and continuous functions in open do- 
mains in Cayley-Dickson algebras A p , it is also R- homogeneous and left and right linear over 
quaternions, but generally nonlinear relative to quaternions or octonions or Cayley-Dickson 
algebras of higher order. Over Cayley-Dickson algebras of higher order than quaternions 
left or right linearity of operators certainly undermines relations between ordered (asso- 
ciated) products of generators of Cayley-Dickson numbers, for example, = for 
generators of the octonion algebra O, where {1, i,j, k} are standard generators of the quater- 
nion algebra H, I is the generator of doubling procedure of the construction of O from H 
[1, 12]. The line integral over Cayley-Dickson algebras for z-superdifferentiable (that is, 
^4p-holomorphic) functions in corresponding domains U depends only on specific homotopy 
classes of rectifiable paths with given initial and final points and also satisfies at least locally 
{^[f lx f(0d£]/dz).l = f(z), for example, in a ball B in U, where ^ z : [0, 1] — > U, 7(0) and 

lz {l) = zeB. 

The Cayley-Dickson algebra is Z 2 -graded, that is, superalgebra. In the theory of superal- 
gebras it was traditionally used the notion of superdifferentiabilty (left or right superlinear) 
[8]. It causes strong restrictions on the types of admissible functions. For example, over 
Grassman algebras it produces functions only linear in odd arguments [2, 4]. In general it 
leads to conditions analogous to Cauchy-Riemann. 
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Cayley-Dickson algebras such as quaternion and octonion algebras have found applica- 
tions in quantum mechanics and noncommutative geometry [3, 5, 13, 21, 24]. The latter is 
especially valuable in conjunction with operator algebras, which permits to consider quanti- 
zation. On the other hand, Cayley-Dickson algebras are not central over the field of complex 
numbers C. Moreover, the octonion algebra and Cayley-Dickson algebras of higner order 
can not be written as matrices with entries in the field of real or complex numbers, though 
their centre is R. 

It is necessary to note, that apart from the real or complex case derivatives of superdiffer- 
entiable functions of Cayley-Dickson numbers are operators even in the case of one variable. 
Therefore, a superderivative of the line integral by a final point of the path is an operator. 
To work with rings of superdifferentiable functions it was introduced the condition of A p - 
additivity instead of right or left superlinearity of a super differential [19, 20]. It is natural, 
since if to start from the family T of all right superlinearly superdifferentiable functions 
/:[/—> Ap, p > 2, then the using of Leibnitz rule for finite ordered (associated) products 
fm}q(m) °f /i> ■■■■> fm 3~ gives only R-hoHiogeneous ^4 p -additive super differential, 
where U is open in Ap, a vector q(m) indicates on the order of multiplication. This superdif- 
ferential operator can be extended on the corresponding family of converging series arising 
from such final products and hence on locally analytic functions of z 1 ,...,z n G A p . Since 
there are many embeddings of C into A p , p > 2, then to encompass the case of complex 
holomorphic functions in such theory it was introduced the condition analogous to holomor- 
phicity: df/dz = 0, where zz = \z\ 2 , z denotes the adjoint of a Cayley-Dickson number 
z. 

To make it accurately it was used the notions of words and phrases and germs of func- 
tions and the Stone- Weierstrass theorem. On the other hand, such formalized definition of 
superdifferentiability does not impose from the beginning the condition of local analyticity. 
It was proved in [19, 20] under definite conditions equivalence of Cayley-Dickson holomor- 
phicity, independence of the line integral over A p of holomorphic function from the rectifiable 
paths with common beginning and final points, local analyticity of functions. If / : U — > A p 
is superdifferentiable, where U is open in A™, then there exists an ^4 p -superdifferentiable 

g : U — > Ap such that (dg(z)/dz).l = f(z) and f(z) := (dg(z)/dz). Then the path integral 
is defined with the help of the operator /. The line integral along each rectifiable path 7 
has the continuous extension from C 1 (U,A P ) onto C°(U,A P ). Thus there can be given the 
following. 

1. Definitions. Define / as a generalized function for each / G C°(U, A p ) in the 
sense of distributions: (0, /) 7 := f <f>(z)f(z)dz, where is infinite ^4 p -superdifferentiable, 
7 is a rectifiable path in a subset U open in A n v . Denote f<®(z) := f(z). Define the fc-th 

derivative (0,/ (fc) .( 1 h, k h)) 1 := (-l) fc (0 (fc) .( k h),f) 1 for each 7 and each infinite 

vAp-superdifferentiable (f> on U and equal to zero in neighborhoods of 7(0) and 7(1), where 
7 : [0, 1] -> U is a rectifiable path, 1 h, k h e A p , < k G N. A net {f^ ] : a e y} 
converges to on U in the sense of distributions, if the net (<j)( k \( 1 h, fc /i), f a ) 1 converges 
for each infinite ^4 p -superdifferentiable function <fi on U and each rectifiable path 7 in U and 
each 1 h, k h, where < k G Z, <f> has the corresponding support, y is a directed set. The 
same type of generalized derivatives of a continuous function / and their convergence in the 
sense of distributions we adopt for / instead of / using the identity f^ k \z) = f^ k \z).l. 

This article is devoted to functions of several Cayley-Dickson variables and investigations 
of integral representation formulas for them. Moreover, such formulas are also obtained for 
differential forms over A p , p > 2, where A2 = H, A3 = O. There are well-known integral 
formulas of the Martinelli-Bochner, Leray, Koppelman type widely used in complex analysis. 



2 



Here new generalized formulas are proved for functions of Cayley-Dickson variables instead 
of complex. Moreover, analogs of Stein manifolds over Cayley-Dickson graded algebras are 
defined and investigated. 

The results of this paper it is possible to apply for further investigations of transformation 
(super)groups and corresponding to them (super) algebras of manifolds over Cayley-Dickson 
algebras as well as loop spaces, measures and stochastic processes on them, continuing pre- 
vious studies of groups of loops and groups of diffeomorphisms of Riemannian and complex 
manifolds [15, 16, 17, 18], for they are widely used in mathematical physics and gauge the- 
ories. 



2 Differentiable functions of several Cayley-Dickson vari- 
ables 

2.1. Theorem. Let U be an open subset in A r , 2 < r < oo 7 with a ^-boundary dU 
U -homotopic with a product 71 x 72 x ... x 7 m , where m = 2 r — 1, jj(9) = cij+pj exp(2n9Mj) , 
Mj el r , \Mj\ = I, 9 e [0,1], 7j([0, 1]) C U, < pj < oo, j = 1,2, ...,m, where M 1 ,...,M m 
are linearly independent over R. Let also f : cl(U) — > A r be a continuous function on cl(U) 
such that (df(z)/dz) is defined in the sense of distributions in U is continuous in U and has 
a continuous extension on cl{U), where U and jj for each j satisfy conditions of Theorem 
3.9 [20], where X r := {z e A r : z + z = 0}. Then 

(1) f(z) = (2 7 r)- m f (/ (...(/(/ /(Ci).[(9ciMCi-C2)W]).[ 

(d (2 Ln(( 2 - C3))M*])...[(9 Cm _ 1 Ln(C m -i - ( m ))M^_ 1 ])...[d Cm Ln(( m - z))M* m 
-(27T)-™ / {(...((((9/(Ci)/SCi).dCi) A d Cl Ln{Ci - C 2 ))MD 
A(d C2 Ln(( 2 - C 3 ))M*) A ...) A (d (m Ln(( m - z))M* m }, m := T - 1. 

Proof. We have the identities d c [f(().d c Ln(( - z)\ = {(df(()/d().d(} A d c Ln(( - z) 
+{(df(()/d().d(} A d{Ln(( — z) and d^Ln(( — z)\^ ei = for ( varying along a path 7, 
where for short f(z) = f(z, z), since there is the bijection of z with z on A r - There exists R- 
homogeneous ,A r -additive operator- valued function q((, z) such that d^Ln(( — z) = q((, z).d( 
(see also §§2.1, 2.2, 2.6 and 2.7 [20]). As in [19, 20] f(z,z) := dg(z,z)/dz, where g(z,z) is 
an ^-valued function such that (dg(z, z)/dz).l = f(z,z). Since Ci varies along the path 
71, then d(i A ^Cilcie-yi = ^- Consider z E U and e > such that the torus T(z, e,A r ) is 
contained in U, where dT(z,e, A r ) = ip m x ... x ip 2 x ipi, ipj are of the same form as 7^ 
but with z instead of a,j and with pj = e. Applying Stokes formula for regions in R 2r and 
componentwise to ^.-valued differential forms we get 

uj — 00 = dw, where 

JdU JdT(z,t,Ar) JU\T(z,e,Ar) 

w = (...((/(Ci).[(d Cl MCi - C 2 ))M*]).[(9 C2 Ln(C 2 - C 3 ))M*])...).[(9 Cm Ln(C m - z))M*J), 

m = 2 r -l. Then (dLnexp(9M))M* = d9 and f(z).d9 = f{z)d9, since M G I r , M / and 
9 G R. In view of Theorems 3.9 and 3.23 [20] we have that 
lim_o, e >o(27r)-/ 7m (...a 72 a 7i «,))...) = f(z) and 
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lim e ^ ,e>0 Iu\T(z,e,Ar) ^ U ~ lu ^° '■ 

From this formula (1) follows. 

2.1.1. Remark. Formula (2.1) is the Cayley-Dickson algebras' analog of the (complex) 
Cauchy-Green formula. Since in the sence of distributions df/dz = d(dg/dz)/dz (see Defi- 
nition 1), then from df/dz = it follows, that df.l/dz = df/dz = 0. If df/dz = 0, then g 
can be chosen such that dg/dz = [20]. Therefore, from Formula (2.1) it follows, that / is 
^4 r -holomorphic in U if and only if df/dz = in U. 

2.2.1. Remark. Instead of curves 7 of Theorem 2.1 above or Theorems 3.9, 3.23 [20] it 
is possible to consider their natural generalization 7(6') + zq = zq + p{6) exp(27rS'(^)), where 
p(9) and S{9) are continuous functions of finite total variations, 9 G [0, 1] C R, p(9) > 0, 
S(9) G Z r , 2 < r < 00. Therefore, 7 is a rectifiable path. If 5(0) = S(l) mod(S r ) and 
p(0) = p(l), then 7 is a closed path (loop): 7(0) = 7(1), where S r := {z G J r : \z\ = 1}, 
I r := {z G A r '■ z + z = 0}. Consider S absolutely continuous such that there exists 
T G #([0, 1], A) for which S(9) = S(0) + J° T(r)dr (see Satz 2 and 3 (Lebesgue) in §6.4 [11]) 
and let p{9) > for each 9 G [0, 1]. Evidently, Mn := S(l) - S(0) = J* T(r)dr is invariant 
relative to reparatmetrizations G Diff+([0, 1]) of diffeomorphisms of [0, 1] preserving the 
orientation, n is a real number, M G S r . Then AArg^) := Arg(^)\\ = 2tt f^T^dr 
(see also Formula (3.7) and §3.8.3 [20]). In view of Theorem 3.8.3 [20] for each loop 7 : 
AArg^) G ZS r . For each e > for the total variation there is the equality V(^e) = V(^)e. 
Since 7QO, 1]) is a compact subset in A r , then there exists p m := sup ee [ 01 ] p{9) < 00. Hence 
2b + (7e)([0,l]) C B(A r ,z , p m e). 

Therefore, Theorems 3.9, 3.23, 3.28 and Formulas (3.9, 3. 34. 2) [20] and Theorem 2.1 above 
are true for such paths 7 also and Formula (3.9) [20] takes the form 

(1) f(z)M = (2vn)-\( /(CXC-^C), 

where O^neZ for a closed path 7, M G S r , Formula (1) generalizes Formula (3.9), when 
\n\ > 1. When ln(0,^) = 0, then (f^ f (()((- z^dQ = (see also §3.23 [20]). 

2.2.2. Note and Definition. Let A denotes a Hausdorff topological space with non- 
negative measure /jona cr-algebra of all Borel subsets such that for each point x G A there 
exists an open neighborhood U 3 x with < p{U) < 00. Consider a set of generators with 
real algebra {i x : x G A} such that % x i y = —i y i x for each x 7^ y G A \ {0} and i x — — 1 for 
each x G A \ {0}, where is a marked point in A. Add to this set the unit 1 =: io such 
that ai x = i x a for each a G R and x G A. In the case of a finite set A the Cayley-Dickson 
algebra generated by such generators is isomorphic with An-i, where N = card(A) is the 
cardinality of the set A. 

For the infinite subset of generators {io,i Xj : j G N,Xj G A} the construction from §3.6.1 
[20] produces the algebra isomorphic with Aoo- Therefore, consider the case card(A) > K . 
Due to the Kuratowski-Zorn lemma we can suppose, that A is linearly ordered and this 
linear ordering gives intervals (a, b) := {x G A : a < x < b} being p- measurable, for 
example, A = R n x (R/Z) m has the natural linear ordering induced by the linear ordering 
from R and by the lexicographic ordering in the product, where n, m G N. 

Then consider a finite partition A into a disjoint union A = Uj=o^i> where x < y for 
each x G Aj and y G Ai for j < I < p, p G N, G A . The family of such partitions 
we denote Z. Let T G Z, Xj G Aj be marked points. Then there exists a step function 
fr such that fr(x) = Cji Xj for each x G Aj, where Cj G R. Consider the norm ||/t||a : = 
lAfT(x)f T (x)p(dx), where f T (x) := CoXA (x)So, Xo -T IXj ^oCjXA j (x)i Xj , Xa(x) = 1 for x G A, 
Xa(x) = for x A, 5 XtV = 1 for x = y, 5 XtV = while x 7^ y. To each fr put the element 
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The algebra which is the completion by the norm || * ||a of the minimal algebra generated 
by the family of elements Zf T for fx from the family T of all step functions and all their 
ordered final products we denote by A\. 

2.2.3. Theorem. The set Aa is the power-associative noncommutative nonassociative 
algebra over R complete relative to the norm || * ||a with the centre Z(A\) = R, more- 
over, there are embeddings Aoo A^ for card(A) > K . The set of generators of the 
algebra A\ has the cardinality card(A) for card(A) > card(N). There exists the function 
exp 1 (/ A f(x)/i(dx)) of the ordered integral product from Aa onto Aa- 

Proof. For card(A) < N the algebra Aa is isomorphic with An-i or A^. Thus it 
remains to consider the case card(A) > K . For each f T G T it can be defined the ordered 
integral exponential product 

exp^A h{x)n{dx)) := {exp(C fi(A )7ri x j2)... exp(C p fi(A p )7ri Xp /2)} q(p+1) 
with q(p + 1) corresponding to the left order of brackets. Thus there exist the embeddings 
of Aoo into Aa- Then Z(Aa) = R- The completion of the family T contains all functions of 
the type fix) = J2j fj( x )XA 3 (x)i Xj , where {A,- : j G N} is the disjoint union of A, each Aj is 
ft- measurable, fj G L 2 (A, ^/,R) and lim n ^ 00 X]j>n \\fj 

Since exp(M) = cos(|M|) + M sin(|M|)/|M| for each M G Aoo and | exp(M) - 1| < 
exp(|M|) — 1, then for each / G Aa there exists 

lim^ /T ^ / ex^( J A f T (x)fi(dx)) =: ex$(J A f(x)fi(dx)) 
relative to || * || A . From exp(iri x /2) = i x for each x G A \ {0} it follows, that the family of 
all elements of the type ex$(f A f(x)[i(dx)), f G T contains all generators of the embedded 
subalgebra Aoo generated by the countable subfamily {i Xj : j G N}. 

The completion JF of the family JF by the norm || * ||a is the infinite dimensional linear 
subspace over R in Aa- All possible final ordered products from T and the completion of 
their R -linear span by the norm || * ||a produces Aa- Then for each element from Aa there 
exists the representation in the form of the ordered integral exponential product. Since A a 
is the algebra over R and card(A)^ = card(A), then the family of generators of the algebra 
Aa has the cardinality card(A). 

2.2.4. Note. Evidently Propositions 2.2.1,2.3,2.6 and Corollary 2.4, Lemma 2.5.1 [20] 
are accomplished in the case of Aa with b = b A instead of b = b r . Definition 2.5 has 
the meaning also for ^4 A - Theorem 2.7 is also accomplished for Aa, since for each z G Aa 
there exists the embedded subalgebra isomorphic with Aoo and containing z. A path 7 is 
rectifiable, hence it has a countable dense subset. For each e > there exists a subalgebra 
isomorphic with Aoo the projection ip(t) on which of the path 7 differs from 7(t) no more 
than on e for each t G [a, b], where 7 : [a, b] — > Aa- For Aoo with the help of the projections 
P r we have ip = lim^oo P r (ip), P r (jP) C U r , {P r (l) '■ r G N}, converges to ip uniformly on 
the compact segment [a, b] C R, where U r = P r {U). Take a sequence of such path ip n with 
su Pte[a,fc] l^nit) — 7(t)| < 1/n. Then f^ n f[z)dz forms the Cauchy sequence in .4a, which is 
complete. Thus there exists lim^oo f^ n f[z)dz = J 7 f[z)dz. Consequently, the integral along 
the path has the unique continuous extension on C®(U, Aa)- For a continuous function / on 
an open domain U in Aa there exists a generalized operator / in the sense of distributions 
on rectifiable paths in U. Then Definition 1 has the natural extension on Aa- 

In Note 2.8 it can be used /2(R) m instead of R 2rm and represent the differential forms 
r] over Aoo as the pointwise limits (or to use the uniform converegence on compact subsets) 
of differential forms over A r for r tending to the infinity, since z r — > z while r tends to the 
infinity, where z G Aoo, z r := P r (z). In the case of Aa when card(A) > K this can be 
used pointwise, since for each z G Aa there exists a subalgebra isomorphic with ^4^ and 
containing z. In the general case: 
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(i) rj(z, ~z) = ViA( d Pl ^ A/l «i A ... Ad P"z A/ "a n Ad ' 1 5 AJl /3 1 A ... Ad t "3 Aj *'/3„}«(m+|J|+2n) 
this is the differential form over Aa, where each r]i t j(z,z) is a continuous function on an 
open subset U n in A\ with values in A\, I = (h, I n ), J = (Ji, J n ), \I\ :— l\ + ... + I n , 

l < pi < P2 < < Pn e N, l < *x < t 2 < ... < *„ g N, < 7jk g Z, < J fc g Z, «*, /3 fc g „4 A 

are constants for each = 1, ...,n, d p z° := 1, d p z° := 1, n G N, n l n (Ui) C C/ n for all Z > n, 
where 7r^ : A l A — ► v4. A is the natural projection for each I > n. The converegence on the 
right side of Formula (i) in the case of an infinite series by I or J is supposed relative to 
C°(W, ^*)-topology of the uniform convergence on W, where W = pr — \im{U n , n l n , N}, 
.4^* is supplied with the norm topology inherited from the topologically adjoint space of all 
poly R-homogeneous ^.A-additive functionals. 

In Note 2.10 [20] define A^ s ^ p an use projections n s ,p,t f° r each s ^ p G b. Theorems 
2.11, 2.15 and Corollaries 2.13, 2.15.1 are transferrable on Aa with card(A) > N by imposing 
the condition of (2 r — l)-connectedness P r {U) =: U r for each r > 3 and every embedding of 
Aoo into A\ for card(A) > K while corresponding A r C Aoo considering 7r SjP)t (C/) for each 
s = i 2k , p = i 2k+1 , < k G Z. Then Definitions 2.12, 2.14 and Theorem 2.16, Notes 2.17, 3.1 
are also accomplished for Aa- Corollary 3.3 in this case follows from Theorem 3.6.2 [20]. 

As for Aoo the algebra Aa with card(A) > K has not any finite and even countable set 
of constants {a s , b s } in Aa such that z* = J2 S a szb s for each z G Aa could be written in as 
such series or sum. That is the algebraic antiautomorphism of order two 9(z) := z* with 
6 o = id is not internal in Aa and indeed z and z* are algebraically independent variables 
in such infinite dimensional Cayley-Dickson algebra. 

2.2.5. Proposition. Let U be an open subset in A p and /:[/—> A p be a function on U , 
where 2 < p < oo, let also Aa be the Cayley-Dickson algebra as in §2.2.2 with card(A) > K 0; 
then f is z-superdifferentiable if and only if there exists an open subset W in Aa and a 
z- super differentiate function g : W — > Aa such that its restriction on U coincides with f , 
g\u = /• 

Proof. In view of Theorem 2.2.3 there exists the embedding of A p into Aa- If 9 is z- 
superdifferentiable on W, then from the definition it follows, that g\v is z-superdifferentiable, 
where V = W(~)A P and V is open in Ap. Vice versa if / is z-superdifferentiable on U, then it 
is locally z-analytic on U (see Theorems 2.15 and 3.10 [20]). For each z G U there exists a 
power series in (z — z ) converging in a ball B(A P , Zq, r) with the centre Zq and positive radius 
r > the expansion coefficients of which belong to A p . Therefore, in the variable (z — z ) 
this series uniformly converges in B(Aa, Zq, r') for each < r' < r. The union of such balls 
B(Aa, zo,r') is the open subset in Aa which we denote by W. On each open intersection of 
each corresponding pair of such balls the functions given by such series coincide, that gives 
the z-superdifferentiable function g on W with g\ v = f. Certainly there can be found others 
z-superdifferentiable extensions g of /. 

2.3. Theorem. Let U be a bounded open subset in Aa and let f : U — > Aa be a bounded 
continuous function. Then there exists a continuous function u{z) which is a solution of the 
equation 

(1) (du(z)/dz)=f 

in U , in particular, (du(z)/dz).l = f(z). 

Proof. Using embeddings of A p , 2 < p G N, into Aa it is sufficient to prove this 
statement for arbitrary 2 < p G N. Take 2 < p G N and A p one-forms dQ expressible through 
d( as Y^=i Pj,i,id(Pj, 2 ,i with fixed nonzero Pj, q ,i G Ap, where / = 1, 2, 3, 2 P , k(l) G N. 
Choose d(i to be satisfying conditions d( 2P A v — £(z)(...((d 1 z A d 2 z) A d 3 z)...) A d 2P z), 
d( 2P A v — 0, where 

v = (d Cl Ln(Ci - C 2 ))M*]).[(%Ln(C 2 - C 3 ))M*])...).[(^ m Ln(C m - z))M* m }), 
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m = 2 P — 1 as in §2.1, z = Y4L1 l zk-i £ U, l z G R, i ,...,i 2P -i are generators of A p , 
£ : U — > *4 P is a function nonzero and finite almost everywhere on U relative to the Lebesgue 
measure. Then there exist d( 2P and v such that the continuous function 

(2) u(z) := -(2nY- 2P [ A 1/ 

is a solution of equation (1). To demonstrate this take closed curves (paths) 7j in U as in 
§2.1 and §2.2.4, for example, such that Q G 7j satisfy conditions: (C2S-1 — C2s) = f° r 
each s — 1, ...^P" 1 — 1, C 2 p-i = — r? 7 2 p-i w hh < r < 1, where ?7 2s _i and r) 2s belong to the 
plane i 2s _iR © i 2s R, ??2s = ??2 s -i f° r each s = 1, ...,2 P_1 , 771 = 7y 2 p- Hence dr/i A d?7i = 0, 
d?72 A ^3 = 0, ...,drj2p-i A ^p = 0> ^p A g^ 2p = 0, 

(?) ^ii?7„ = (dr) v )r)* for each i> 
for = 1 and k = —1. 

These variables are expressible as (1 = Y?j=iPj,i,i(Pj,2,i (see §§3.7 and 3.28 [19]). There- 
fore, there exists a subgroup of the group of all ^4 p -holomorphic diffeomorphisms of U pre- 
serving Conditions (ii) and the construction given above has natural generalizations with 
the help of such diffeomorphisms. 

Supoose at first, that / is continuously differentiable in U. Each Q is expressible in the 
form Q = J2i l bjS[, where l bj G R are real variables, Si G {io, ii, ...,i 2 p-i}, hence differentials 
(df/dQ.dQ = Ei{( d f/ dz )- s i d % +(df/dz).S l d %} are defined. Consider a fixed z G U. 
We take a C°°-function x on Ap such that x = 1 in a neighbourhood V of z , V C U, x — 
in a neighbourhood of A p \ U. Then u = U\ + u 2 , where 

Ul (z) := -(2tt) 1 - 2P / [x(Ci)(/(Ci)^C2p)] A 1/, 
u 2 (z) := -(2vr) 1 - 2P / [(1 - X (Ci))(/(Ci)-dC2p)] A v. 

Then 

u{z) := -(2tt) 1 - 2P / [ X (d + *)(/(Ci + A V, where 

i> := (0 Cl Ln(Ci " C 2 ))M*]).[(%Ln(C 2 - C 3 ))M*])...).[(9 Cm Ln(C m ))M;]). 

Since d C2P {[x(Ci + *)/(0 + 2)-] A ^} = and (d / d( 2P ) {[ X (G + *)/(Ci + *)•] A V}-^ = 
9^ {[%(Ci + z )f(Ci + -2)-] A V 1 }? then due to Equations («, n) 
(du(z)/dz) = -(2vr) 1 - 2P 9 c - 2p {[ X (Ci + *)/(Ci + *)] A V}- 

In view of Theorem 2.1 applied to /.S* for each S G {io,^i, ...,i 2 p_i} we have (dui/dz) = f 
in V, consequently, (du/dz) = f in a neighbourhood of z . 

Taking a sequence / ra of continuously differentiable functions uniformly converging to 
/ on U we get the corresponding u n such that in the sence of distributions (du/dz) = 
lim n ^ 00 ((9M n /(9z) = lim n f n = f. Consider the family of all embeddings 9 of A p to A\, 
2 < p < 00. There exists the generalized function (operator) / on U, hence there exists the 
restriction f P:9 on U fl 9(A P ) for each (p, 6>). As the function this restriction evidently exists. 
For distributions it is possible to take them on a base space of cylindrical functions on the 
algebra of cylindrical subsets with bases in the projection 9(A P ). Each rectifiable path 7 is 
the limit of the uniformly converging net of paths 7^0, since 7QO, 1]) is compact. Therefore, 
such restriction exists in the sence of distributions. 

Thus there exists the solution u Pj e of (1) given by (2) on U fl 9(A P ). The family of all 
(p,9) is directed: < (p2,9 2 ) if and only if pi < p 2 and 9i(A Pl ) C 9 2 (A P2 ). Since f P: o 
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converges to / in the sense of distributions by the ultrafilter of the set {(p,6)}, then u p ^ 
converges to the solution u on U, since there exists du(z)/dz = f(z). 

2.4. Theorem. Let U be an open subset in A™, 2 < p G N, n G N. Then for every 
compact subset K in U and every multi-order k = (hi, k n ), there exists a constant C > 
such that 

max\d k f(z)\<C \f(z)\da 2Pn 
zeK Jjj 

for each A p -holomorphic function f , where da 2 p n is the Lebesgue measure in A™. 

2.5. Corollary. Let U be an open subset in A™, 2 < p G N, n G N 7 and let fi be a 
sequence of A p -holomorphic functions in U which is uniformly bounded on every compact 
subset of U . Then there is a subsequence converging uniformly on every compact subset 
of U to a limit in C^(U,A P ). 

Proofs of Theorem 2.4 and Corollary 2.5 follow from Theorem 2.1 above and Theorem 
3.9 [19] (see also [20]) analogously to Theorem 1.1.13 and Corollary 1.1.14 [7]. 

2.6. Definitions. Let U be an open subset in A p and /:[/—> A™ be an .Ap-holomorphic 
function, then the matrix: Jf(z) := (dfj(z)/dzk) is called the A. p -Jacobi matrix, where 
j = l,...,m, k = l,...,n. To this operator matrix there corresponds a real (2 p m) x (2 p n)- 
matrix while 2 < p G N or operator from X m into X n of the underlying real Hilbert 
space X of A p for infinite p — A. Denote by rank^,(Jf(z)) a rank of a real matrix or 
operator corresponding to Jf(z). This rank may be infinite. Then / is called regular at 
z G U, if rankn(Jf(z)) = 2 p min(n, m) for finite p or ker(f'(z)) = and Range(f'(z)) is 
algebraically isomorphic with A™ such that Range(f'(z)) © A n ^ m = A\ when m < n or 
Range(f'(z)) = X n and ker(f'(z)) is algebraically isomorphic with A™~ n while m> n. HU 
and V are two open subsets in A™, then a bijective surjective mapping /:[/—> V is called 
A.p-biholomorphic if / and f~ l : V — > C/ are .Ap-holomorphic. 

2.7. Proposition. Let £7 and V be open subsets in A p and A™ respectively. If f : U — > 
A™ and g : V ^ A p are A p -holomorphic functions such that f(U) C V , then go f : U ^ A p 
is A p -holomorphic and J go f(z) = J g (f(z)).(Jf(z).h) for each h G A p . 

Proof. In view of Definition 2.2 and Theorems 2.15 and 3.10 [20] (dg j (f(z))/dz l ).( = 
ET=i^=i(dg j (0/d^)U=m.(df s (z)/dz l ).h h where h = (hi,...,h n ), h x G A p for each I = 
1, n, since f(U) C V and this is evident for „4p-polynomial functions and hence for locally 
converging series of A. p -holomorphic functions. 

2.8. Proposition. Let U be a neighbourhood of z G A p and let f : U — > A p be an 
A p -holomorphic function. Then f is A p -biholomorphic in some neighbourhood W of z if and 
only if f is regular at a point z G U. 

Proof. From Proposition 2.7 it follows, that the condition of regularity of / on U is 
necessary. Prove the sufficiency In view of Definition 2.2, Theorems 2.15 and 3.10 and Note 
3.11 [20] an incerement of / can be written in the form f(z + () = f(z) + f'(z).( + 0(|C| 2 ) 
for each ( G A™ such that z + ( G U. Then there exists a neighborhood W D B(z,2e,A p l ) 
in which \g(z + ()\ < C\(\ 2 , where < e < (2C) _1 , C is a positive constant, g := id — /. 
Thus there exists an A.p-holomorphic function w on an open neighbourhood W of z in U 
such that w is given by the series w = Y^k=i9k, where gt+i = g ° gu fo r each k G N and 
9i '■= 9, g '■= id — f, since for each rj G W there exists r > such that B(r), r, A p ) C U and 
the series for w is convergent on B(rj : r, Ap) with w(B(z, e, A™)) C B(z, 2e, A™). 

Since f'(z) is the continuous epimorphism from A™ onto Ap, then its graph is closed. 
On the other hand, f'(z) is bijective and there exists the R-linear operator (/'(z)) -1 . The 
graph of it Gr(f'(z))~ 1 = {(x, y) : x = f'(z).y;x,y G A™} is closed in A™ <S> Ap, since the 
graph of f'(z) is closed. In view of the closed mapping theorem (see 14.3.4 [23]) (f'(z))^ 1 is 
continuous. Thus the operator f'(z) is invertible. In view of the inverse mapping theorem 



8 



(see §X.7 [27]) there exists / 1 continuusly (Frechet) differentiable on a neighborhood W of 
/(*). Since df(z)/dz = 0, then 9/ _1 (C)/9C = 0onW. 

For ?7 in a sufficiently small neighborhood W of z there is satisfied the inequality ||1 — 
f'i^z)" 1 f'irf) || < 1, consequently, /'(^) is invertible for each r\ G W. The operator /'(^) i s 
continuous by 77 on [/, hence there exists a neighbourhood V of z such that / is regular on 
V, since /'(??) is R-homogeneous and ^-additive and f'(z)(Ap) = A™. Hence f(V) is open 
in Ap. Since w is the limit of the uniformly convergent series of „4 p 4iolomorphic functions, 
then w is ^4 p -holomorphic on W. From (id + h) o f — f o (id + h) = id on B(z,e,Ap) it 
follows, that / is ^4 p -biholomorphic on a neighbourhood of z. 

2.9. Corollary. Let X be a subset in A™, 2<p<ooorp = K, and k G {1, 2, n — I}, 
then the following conditions are equivalent: 

(i) for each ( G X there exists an A p -biholomorphic map f = (f\, f n ) in some neigh- 
bourhood U of( such that f is regular on U and XnU = {z G U : fk+i( z ) = 0, f n (z) = 0}; 

(ii) for each ( G X there exists a neighbourhood V of ( and a regular A p -holomorphic 
map g : V -> A^ k such that X n V = {z G V : g(z) = 0}. 

Proof. The implication (i) =>- (ii) follows by taking g = (fk+i, ■ f n ) onV — U. To prove 
implication (ii) =>- (i) take £ G X, g and V as in (ii). There exists the R-linear operator 
G' corresponding to g'(Q from Ap onto Ap~ k . Thus there exists a right ^4 p -superlinear 
operator P from A™ onto ^ such that P © g'(C) from Ap onto „4™ is invertible. The graph 
of it Gr((P © g'^))' 1 = {(x,y) : x = (P © tf(Q)- x .y;x,y G ^} is closed in ^ © ^, 
since the graph of (P © (/(C)) is closed. In view of the closed mapping theorem (see 14.3.4 
[23]) (P © (/(C)) 1 is continuous. Thus the operator (P © (/(C)) is invertible. In view of 
the implicit mapping theorem and addition 3 to it (see §X.7 [27]) there exists (P © g)^ 1 
continuusly (Frechet) differentiable on a neighborhood W of (P © g)(C). 

Put f(z) = (Pz,g(z)) for z E V . By Theorem 2.8 / is ^4^biholomorphic in some 
neighborhood U C V of (. Then ln(/ = {z E U : fk+i(z) = 0,...,f n (z) = 0}, since 
(/ fc+1 , /„) = g and X n £/ = {z G C/ : g(z) = 0}. 

2.10. Definitions. Let U be an open subset in Ap, 2<p<ooorp = A. A subset 
X in [/ is called a ^4 p -submanifold of „4™ if the equivalent conditions of Corollary 2.9 are 
satisfied. If in addition X is a closed subset in U, then X is called a closed ^4 p -submanifold 
of U. This definition is the particular case of the following general definition. 

An .4 p -holomorphic manifold of <4. p - dimension n is a real 2 p n-dimensional or card(A)- 
dimensional C°°-manifold X together with a family {(Uj, <f>j) : j £ f } of charts such that 

(i) each Uj is an open subset in X and Uje* = where \1> is a set; 

(ii) for each j 6 $ a mapping 0j : C/j — > Vj is a homeomorphism on an open subset Vj in 

An. 

(Hi) for each j, I G \& a connection mapping ipjotpf 1 is an „4 p -biholomorphic map (see §2.6) 
from 0/(t/j fl C/j) onto 4>j(Uj H fj). Such system is called an ^4 p 4iolomorphic atlas At(X) := 
{(Uj,(f)j) : j G Each chart (Uj,<pj) provides a system of ^4 p 4iolomorphic coordinates 
induced from Ap. For short we shall write ^4 p -manifold instead of ^4 p -holomorphic manifold 
and *4 p -atlas instead of ^4 p 4iolomorphic atlas if other will not be specified. 

For two „4 p -manifolds X and Y with atlases At(X) := {(Uj, <f)j) : j G ^x} and At(Y) := 
{(Wi,ipi) : I G \&y} a function / : X — > F is called ^4 p 4iolomorphic if ^ o / o 0J 1 i s ^4 p _ 
holomorphic on <fij(Uj fl If / : X — > F is an ^4 p -biholomorphic epimorphism, then 

X and Y are called ^4 p -biholomorphically equivalent. 

A subset Z of an ^4 p -manifold X is called an „4 p -submanifold, if 4>j(Uj fl Z) is an ^4 P - 
submanifold in Ap for each chart (Uj,<pj). If additionally Z is closed in X, then Z is called 
a closed ^4 p -submanifold. 
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2.11. Theorem. Let n > 2, /i, ...,/„ G CL z>S) (A£,Ap) with 2<p<ooorp = A 
be a family of continuously A p (z^z)- super differentiate functions satisfying compatibility 
conditions: 

(i) dfj/dzk = dfk/dzj for each j, k = 1, n, 

where Cq , z z ^(A p , A p ) is the subspace of Ci z z ^(A p , A p ) of functions with closed bounded sup- 
port. Then there exists u G Cq^ zz ^(A p ,A p ) satisfying the following d-equation: 

(ii) du/dzj = fj, j = l,...,n; 

in particular, (du/dzj).l = fj. 

Proof. Using the beginning and the end of the proof of Theorem 2.3 we reduce the proof 
of Theorem 2.11 to the case of finite p mentioning, that the intersection A n 0(A p ) n of a 
closed bounded subset A in A\ for finite p is compact. We put 

(Hi) u(z) : = -(2tt) 1_2P / [(/i(Ci, z 2 , z n ).d( 2P ) A rj], where 

JO(Ap) 

V := (0 Cl Ln(Ci - C 2 ))M*]).[(%Ln(C 2 - C 3 ))M*])...).[(9 Cm Ln(C m - «))M^]), 
m = 2 P — 1 (see §2.3). By changing of variables we get 

u(z) := -(27r) 1 ~ 2P / [{fi{zi + Ci, z 2 , z n ).d( 2P ) A V], where 

i> := (9 Cl Ln(Ci - C 2 ))M*]).[(%Ln(C 2 - C 3 ))M*])...).[(9 Cm Ln(U)M;]), 

m = 2P - 1. Therefore, u G C^^,^,). Due to Theorem 2.3 du/dh = f\ in A n p . In view 
of Theorem 2.1 and the condition dfi/dz k = df k /dzi the following equality is satisfied 

f k (z) = -(2tt) 1 - 2P / {[df k (( 1 ,z 2 ,...,z n )/d( 1 ].d( 2P }A^, 

hence du/dz k = f k for k = 2, ...,n, that is, w satisfies equations (ii). From this it follows, 
that u is ^4p-holomorphic in A r p l \(supp(f 1 )U ...Usupp(f n )). In view of formula (in) it follows, 
that there exists < r < oo such that 

(iv) u(z) = for each z G A p with \z 2 \ + ... + \z n \ > r. From du/dzi = f\ it follows, 
that du/dzi = in AL 1 \ supp(f\). Consequently, there exists < R < oo such that u may 
differ from on A p \ B(A p , 0, R) only on an A p constant (see Theorem 3.28 and Note 3.11 
in [20]). Together with (iv) this gives, that u(z) = on A™ \ B(A^, 0, max(i?, r)). 

2.12. Theorem. Let U be an open subset in A n p , where n>2, 2<p<oo or p = A. 
Suppose K is a bounded closed subset in U such that U \ K is connected. Then for every 
A p -holomorphic function h on U \ K there exists a function H A p -holomorphic in U such 
that H = h in U\K. 

Proof. Take any infinite (z, z)-differentiable function x on (7 with bounded closed sup- 
port such that x\v — 1 on some (open) neighbourhood V of K. Then consider a family 
of functions fj such that fj(z,z).S = —{(dx/dz).S}h in U \ K and fj = outside U\K 
for each S in the set of generators of A p , where j = l,...,n, fj(z) = fj(z).l. Therefore, 
conditions of Theorem 2.11 are satisfied and it gives a function u G Cq , z z ^(A p , A p ) such 

that du/dzj = fj for each j = 1, ...,n. A desired function H can be defined by the formula 
H :— (1 — x)h — u such that H is .Ap-holomorphic in U. Since x nas a bounded closed 
support, then there exists an unbounded connected subset W in A p \ supp(x)- Therefore, 
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u\w = 0, consequently, H\ UnW = h\unw- From (U\K)C\W ^ and connectedness of U\K 
it follows, that H\u\k — h\u\K- 

2.13. Remark. In the particular case of a singleton K = {z} Theorem 2.12 gives 
nonexistence of isolated singularities, that is, each ^4 p -holomorphic function in U \ {z} for 
U open in A p with n > 2 can be ^4 p -holomorphically extended to z. Theorem 2.12 is the 
.Ap-analog of the Hartog's theorem for C n . 

2.14. Corollary. Let U be an open connected subset in A™, 2 < p < oo or p = A and 
n > 2. Suppose that f is a right superlinearly A p -superdifferentiable function f : U — > A p 
and N(f) :={zeU : f(z) = 0}, then 

(i) U \ N(f) is connected, 

(ii) N(f) is not bounded closed. 

Proof. Reduce the proof of this corollary to the case of finite p using the beginning and 
the end of the proof of Theorem 2.3. Since if statements are true in the projection 

from A\ on 9(A P ), then they are true for Aa- (i)- Write / in the form / = Y4L1 Ugi, 
where g x := f 2 i-i + 1*21-^21/21, f = T,f=ii s -ifs, fs are real-valued functions, {i , i 2P -i} 
is the set of generators of the Cayley-Dickson algebra A p . In view of Proposition 2.3 and 
Corollary 2.5.1 [20] each function gi is holomorphic in complex variables k — 1, ...,2 P_1 , 
where z = YaLi hi-iVi, Vi = X21-1 + ^1-1^1X21, x u ...,x 2P e R, z e A p . 

Therefore, N(f) = nf=i N (m), consequently, U \ N(f) = [jZ~i(U \ N(gi)). Then from 
Corollary 1.2.4 [7] for complex holomorphic functions (i) follows. 

(ii). Suppose that N(f) is bounded closed (compact for finite p). In view of (i) and 
Theorem 2.12 the function 1/ / can be ^ p -holomorphically extended on N(f). This is the 
contradiction, since / = on N(f). 

2.14.1. Note. Corollary 2.14 is not true for arbitrary ^4 p -holomorphic functions, for ex- 
ample, /( l z, 2 z) = f\( l z)f 2 ( 2 z) on B(A 2 p , 0, 2), where f,( l z) := - ^(E^i^-i 1 ^-i)/(2 p - 
2) - r u f 2 ( 2 z) := - 2 z(Zi P =ik-i 2 ^-i)/(2 p - 2) - r 2 for finite 2 < p, < n, < r 2 , 
rj + r% < 4. 

2.15. Theorem. LetU be an open subset in A™ , 2 < p < 00 orp = A, fi,...,f n be infinite 
Frechet differentiable (by real variables) functions on U and suppose (z, z)- super differentiate 
that Conditions 2.11.(i) are satisfied in U. Then for each open bounded polytor P = Pi x 
... x P n such that cl(P) is a subset in U, there exists a function u infinite differentiable (by 
real variables) on P and satisfying Conditions 2.11.(m) on P. 

Proof. Using the beginning and the end of the proof of Theorem 2.3 reduce the proof 
of this theorem to finite p. Suppose that the theorem is true for f m +i = ••• = /« = on 
U. The case m = is trivial. Assume that the theorem is proved for m — 1. Consider 
U' = U\ x ... x U' n and XT = U 7 \ x ... x XT n open polytors in A n p such that P C cl{P) C 
U" C cl(U") C U' C cl(U') C U. Take an infinite differentiable (by real variables) function 
X on U' m with compact support such that x\u" m — 1> X — in a neighbourhood of A p \ U' m . 
There exists a function 

V (z) :=-(2vr) 1 - 2P f [x(C)(U 'z,..., m ~ l zXu m+1 z,..., n z).d( 2P )\ A v, 

where a differential form v is given in §2.3 with (1,(2, ■■■X2P-1 £ U'm and m z here for v 
instead of z in §2.3. By changing of variables as in §2.3 we get 

V (z) := -{2-k) 1 - 2P [ [ X (Ci + z)(U^,-, m -^Ci+ m z, m+1 z,..., n z).d( 2P )]A4>, 

where the differential form tp is the same as in §2.11. Consequently, dr\jdz m = f m in U" . In 
view of Conditions 2. 11 (i) and differentiating under the sign of the integral, since the support 
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of x is compact, we get drj(z)/dz — fj — on U' for j = m + 1, n, since /j = 0, fj.l = fj, 
fj is the partial (super) derivative of some function ^ by z. Thus functions gj := /j — drj/dz 
for j = 1, ...,n fulfil the compatibility conditions 2. 11 (i) , consequently, g m , ...,g n = in U" . 
And inevitably by the induction hypothesis there exists a function v G C°°(P, A p ) such that 
dv/dSj = gj in P for which u = v + 1] is the required solution. 

2.16. Definition. Let W be an open subset in A™, 2<p<ooorp = A and for each 
open subsets U and V in such that 

(i) ^ C/ C V n W ^ V and 
(m) V is connected 

there exists an ^4 p -holomorphic (right superlinearly superdifferentiable, in short RSS, cor- 
respondingly) function / in W such that there does not exist any ^4 p -holomorphic (RSS) 
function g in V such that g = f in U. Then W is called a domain of A p (RSS, respectively) 
holomorphy. Sets of .Ap-holomorphic (RSS) functions in W are denoted by TC(W) (Hrss(W) 
respectively). 

2.17. Definition. Suppose that W is an open subset in A™, 2 < p < oo or p = A and 
K is a closed bounded subset of W, then 

(i) |/(z)| < sup fex ||/(C)|| for each / G W(W)}; 

(ii) i^* ss :={zeW: \f(z)\ < sup CeK \f(()\ for each / G Wflss(W)}; 

these sets are called the TC(W)-coiavex hull of K and the H.rss(W)~ convex hull of K respec- 
tively, where ||/(C)|| := sup^,,^ \f{Q.h\. If K = K% or K = K^ ss , then X is called 
7i(W^)- convex or Hrss(W)- convex correspondingly. 

2.18. Proposition. For each closed bounded subset K in A™, 2 < p < oo or p = A, the 
7i(Ap)-hull and H,Rss{Ap)-hull of K are contained in the H-convex hull of K . 

Proof. Reduce the proof to the case of finite p using §2.3. 

I. Consider at first the 7i(^4")-hull of K. Each z G A™ can be written in the form 

z = ( 1 z, n z), 3 z G A p , 3 z = Yf = iXi d S h where x tJ = xij(z) G R, S t = If w G A™, 
w co R (K), then there are y 1 , ...,y 2 p n G R such that £™ =1 Efli ^,i(w)y 2 p(i-i)+i = 0, but 
T l 1 j=iT l fLi^i,j(w)y2P(j-i)+i < if z E K, where 

coR(i^) := {z G ^4™ : there are a±, a s G R and v±, f s G K such that z = a\V\ + ...+akVk\ 

denotes a R-convex hull of K in „4™. Put Q = J2i,j U2P(j-i)+iSi, then f(z) := exp(^" = i ZjCj) 
is the ^4p-holomorphic function in A™ such that \f(z)\ < 1 for each z & K and |/(tu)| = 1 
for the marked point w above (see Corollary 3.3 [19]), since 1% = —1 for each v > 0. From 

11/(011 > 1/(01 the first statement follows. 

II. Consider now the n RS s(A^)-hu0. of K. Each / G H RS s{W) has the form / = 

Y^Li U9h where each function gi is holomorphic in complex variables yu (see §2.14). 

The set K has projection K\. on the complex subspaces C n corresponding to variables 
1 yk, n yk- Therefore, {K^ ss )k C K® Ca for each k, where K® Ctl denotes the complex 

holomorphic hull of Kt in C n . In view of Proposition 1.3.3 [7] K® ca C con(Kk), hence 

K%f s s C co^K). 

2.18.1. Note. Due to Proposition 2.18 above Corollary 1.3.4 [7] can be transferred on 
H and Hrss for A™ instead of C n . Also ^-versions of Theorems 1.3.5,7,11, Corollaries 
1.3.6,8,9,10,13 and Definition 1.3.12 are true in the Hnss-dass of functions instead of 
complex holomorphic functions. 
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3 Integral representations of functions of Cayley-Dickson 
variables 

3.1. Definitions and Notations. Consider an A p - valued function on A p , 2 < p < oo or 

p = A such that 

(i) (£, () = ae with a > and (£, C) = if and only if C = 0, 

(«) (£* + = (£*) + (£ 0, 
(m) (C + £,*) = (C, + 

(if) 2) = ct(C) -2) — (C) az ) f° r each a G R and ((a, () = a((, () for each a G *4. p , 

(v) (C, 2)' = (2, C) f° r eacn C> £ an d -2 G ^4™, n G N. Then this function is called the scalar 

product in A p . The corresponding norm is: 

iyi) ICI = {(C) C)} 1 ^ 2 - I n particular, it is possible to take the canonical scalar product: 
(vii) < C; z >:= (C, z) = E"=i ^, where z = ( n z), l z G ^4 p . 

Consider differential forms on A p : 

(1) <P P ,o(z) := dz A dS, (f> r p0 (z) := zdz, 

P ,fc(^) := (i2k(dzi 2k )) A (i 2k {dzi 2k )), <t>' pk { z ) '■= {hk{zhk)) A (i 2k (dzi 2k )), for each fc = 

(2) w 2 p(^) := C p {(/) pfi (z) A A ... A (f) p ,2P-^-i(z)} qo(2 P-i), 
where C p = const 7^ 0; 

(3) w 2P>k (C - z) := {0 p ,o(O A ... A (/> p , k -i(0 A <t>' P , k (( — z) A (/> p , k +i(0 A P ,2P-i-i(C)} 9o (2f- 1 ) 
for each fc = 0, _ 1 ; 

where 90 (s) means the associated product in definite order corresponding to the left pre- 
ferred order of brackets, {bi...b s } go ( s ) := (...((bib 2 )b3)...b s -i)b s for bi,...,b s G A p . Introduce 
also differential forms: 

(4) Pi o(C, z) := (d( - dz) A dC, #, >0 (C, 2) := (C - 

<t> P ,k((i z ) : = («2fc(^C - dz)i 2k )) A (i 2k (d(i 2k )), (f> P:k ((,z) := (i 2 *((C - ^ 2 fc)) A (i 2k (d(i 2k )) , for 
each fc = l,...,^" 1 - 1, 

(5) W2p(C^) := C P {0p,o(C,z) A p ,i(C, 2) A ...A^-iiC^W- 1 ). 
where C p = ([(2* - 2)!]2(2^ 1 - l))" 1 ; 

(6) u> 2 P,fe(C, ^) := {0 P ,o(C, 2)A...A0 M _i(C, ^)A0^ fe (C, z)A0 Pifc+ i(C, z)A...A0 P;2 *<-i-i(C ^)} 90 (2f- 1 ) 
for each fc = 0, ...^f" 1 - 1, 

(7) p ,o(C, *) := (5 - A (dC - dz), <^ >0 (C, 2) := (C - z)(d( - dz),_ 

(f)p, k (C,z) := (i 2k (d( - dz)i 2k )) A(i 2k ((d( - dz)i 2k ))), <j/ Pik (C,z) := (i 2k ((( — z)i 2k )) A (i 2k ((d( — 
dz)i 2k )), for each fc = 1, 2 P_1 — 1, 

(8) w 2P ((,z) := C p {<f) pfi ((,z) A(f) Pil ((,z) A ... A P)2 p-i-i(C, z )} qo ( 2P -i), 
where C p = ([(2 P - 2)!]2(2f~ 1 - l))" 1 ; 

(9) w 2P , k ((, z) := {0 P ,o(C, z)A...A4> P:k - 1 (C, z)A(f) p!k ((, 2)A0 Pifc+ i(C, ^)A...A^p )2 P-i_i(C, z)} 90 ( 2 *<-i) 
for each k = O,...,^" 1 - 1, 

where we can express ( and 5 in the ( and ^-representations respectively: z = (2 p — 2)~ 1 {—z+ 
J2 se b s (zs)} for each 2 < p G N. With the help of them construct differential forms on A p : 

n 2P- 1 -! 

(10) ^(c):=c p ic-^r 2Pn E ewoa- 

s=l g=0 

A%( S_1 C) A w 2P , q ( X - s z) A w 2P ( S+1 C) A ... A w 2P ( n ()} qo{n ), 

n 2P- 1 -! 

(11) 6((,z):=C> p \(-z\- 2Pn Y: J2 {w 2P ( 1 (, 1 z)A... 

s=l q=0 
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A*M S_1 C, s - 1 z)Aw 2PA { X, s z)Aw 2P ( s+1 (, s+1 z)A...Aw 2P ( n (, n z)} qo{n)] 

n 2P- 1 -! 

(12) 9{C,z):=C' p \C-z\- 2Pn Y. E {*M 'C, X z) A ... 

Aw 2P ( S - 1 C, ^) A^ 2M ( S C, ^) A^ 2P ( S+1 C, s+1 z) A ...Aw 2P ( n (, n z)} qo(nh 

where C' p := (2 p n)\\(2n)~ 2P ln ; |£ — z| 2 is considered in the (£ — z, ( — ^-representation: 
| »£_ = (%- s z)( X- s z), \C~z\ 2 = E"=i I X- s z\ 2 , C and z G A n p . If U is an open 
subset in ^4™ and / is a bounded ^-differential form on U, then by the definition: 

(13) (Buf)(z):= I f(QA6(C,z) 
JC&u 

for each z G A p . If in addition [/ is with a continuous piecewise C 1 -boundary (by the corre- 
sponding real variables) and / is a bounded differential form on dU, then by the definition: 

(14) (B du f)(z):= f /(C) A 9(C, z) 

for each z G A™. 

3.2. Theorem. Let U be an open subset in A™, 2 < p G N ; wrat/j piecewise C l -boundary 
dU . Suppose that f is a continuous function on cl(U) and df is continuous on U in the 
sense of distributions and has a continuous extension on cl(U). Then 

(1) / = B du f - B v df on U, 

where Bjj and Bqjj are the A p -integral operators given by Equations 3.1.(13, 14). 

Proof. Write the variable z in the form z = YaLo _1 ^21^1-, where a\ G Q := H(Bi 2 ii 2 i+iH, 
kicti = km + i2i+iyi, where x h y x G R. Then 

(1) a i k = i k d for each k > 0, 

(2) i 2k {dzi 2k ) = (T,i>o,i^ki2idai) - i 2k dd k - da , 

(3) (i 2 idai) A dao = —dao A (i 2 idai) for each / > 0, 

(4) (i 2 idai) A (i 2q da q ) = (i 2q da q ) A (i 2 idai) for each I ^ q with / > and q > 0, 

(5) (i 2 idai) A (i 2 iddi) = for each / > 0, then 

(6) dao A dao = —dao A dao = — 2iidxo A dyo, dao A dao = 0, 

(7) (i 2 idai) A {i 2 ida t ) = 2i 2 ii 2l+1 dx t A dy h da t A da x = -2i* 2l i 2l+1 dx t A dy t = 2i 2l i 2l+1 dxi A dy t 
for each I > 0. 

From Equations (1 — 7) and dz = dao — J2i>o^2idai it follows, that 

(8) <t> P ,o{ z ) = {dao ~ dao) A (E g >o ^2 q da q ) + £«>o E g >ofecM A {i 2q da q ), 

(9) 4> P ,k{z) = (datoAddto)-(da k Ada k )+((2i2kda k )Afa 
{i 2q da q ) 

for each k > 0. The differential form w 2P is of degree 2 P in real coordinates x ,yo,..., 
x 2P -i_i,y 2P -i^i, hence it may contain only the multiplier dxo A dy or may contain only 
dao A dao, hence all terms in w 2P arising from the term (dao ~ da ) A {J2 q >o^2qda q ) in 
(f) Pt o(z) cancel, since <fi Pyk {z) contains dao A dao f° r each k > 0. Then from (3 — 5) it fol- 
lows, that all terms arising from the term ((2i 2k da k ) A (J2i>o,i^k^2idai)) in (p Ptk (z) for k > 
cancel in w 2P . Thus for a choice of the multiplier da A da in w 2P there are (2 P_1 — 1) 
possibilities among <f> p>g (z) with q = 1,..,2 P_1 — 1 in the graded external product. After 
a choice of dao A dao f° r some q > it remains (2 P — 2)(2 P — 3)/2 variants for a choice 
of the multiplier da\ A dd\ = (i 2 da\) A {i 2 da\). Then by induction after choices of the 
multipliers (i 2v da v ) A (i 2v da v ) = da v A da v for v = 0,1, ...,q — 1 with q > 2 it remains 
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(2 P — 2q)(2 p — 2q — l)/2 variants for choices of the multiplier (i2 q da q ) A (i2 q da q ). Thus 

(10) w 2P = (-1) 2P_1 - 2 C , P [(2P - 2)!](2f- 1 - 1)2-^ -V{(da A da ) A ((i 2 cfai) A (i 2 da ± )) A 

••• A ((i 2 P-2^«2P- 1 -l) A (i 2 P- 2 da; 2 p-l_i))} 90 ( 2 p-l) 

= (C P [(2 P - 2)!]2(2 p " 1 - l))tteo A dy A cfoi A cfyi A ... A dx 2P -i-i A dy 2P -i_ u 
since (^1X^3) — — 1, {(^iX^s)---^- 2 ^?- 1 )}^^- 1 ) = — 1- Hence u> 2P is the volume 
element on ^4 p equal to the Lebesgue measure \x on the underlying Euclidean space R 2P such 
that /i([0, 1] 2P ) = 1, since C p = ([(2 P - 2)!]2(2^ 1 - l))" 1 . 
The differential form 6((,z) has the decomposition 

(ii) o(c,z)= e T *(c,*), 

where T q ((,z) is the ^4 p -differential form with all terms of degree 2 p n — q — 1 by ( and ( 
and their multiples on A p constants and of degree q by z and z and their multiples on A p 
constants. The differential form f(() has the decomposition 

m 

(12) /(C) = E/r(0, 
r=0 

where m = deg(f), f r (() is with all terms of degree r by ( and ( and their multiples 
on A p constants. Then f r A T q = 0, when r > q + 1. By the definition of integration 
fteufAO AT ? ((,z) = for r < g + 1. If / is a function, then J Cedu f(()T q ((,z) = for each 
q > 0, since <9£7 has the dimension 2 p n — 1, hence 

(13) (B du f)(z) = f /(0M(), 

since T (C, = #z(C)- If / is a 1-form, then J^ gt7 /(C) A T 9 (£, z) = for each q > 0, since [/ 
has the dimension 2 p n, consequently, 

(14) (Buf){z)=f /(C)A0,(C). 

In particular, there are identities in H: <i£ A jdC = d£j A d( and (£dC)' — [^C]£ f° r eacn 
e,(6H. Then 

(?) d(Ajd(Ad(Ad( = 0, 

(11) d( Ad(Ajd( Ad( = 0, 

(Hi) d( A d( A d( A jd( = 0, since j 2 = — e and Re is the centre of the quaternion algebra 
H, a and (3 G C commute with da, da, d(5 and d/3, where ( = ae + f3j. From (i — Hi) with 
the help of bijective surjective mappings ( i— > j'C and ( (j it follows, that 

(iv) d( A d( A d( A d( = 0, 

(v) d(Ajd(Ajd(Ad( = 0, 

(vi) d( A jd( A jd(j A jd(j = 0. 

Write £ G Ap in the form £ — a + pi, then £ = <5 — where a G »4 p _i and /3 G Ap-i, 
I is the generator of the doubling procedure of A p from A p -i [1], since there is the identity 
/?/ = 1(3. The decomposition £ = a + j3l is unique for each £ G A p , where a = a(£) and 
/3 = /?(£) depend on £ in general. Put 
k p,o(z) '■= dz Adz and 

K p , q (z) := (i2 q (dzi 2q )) A (i2 q (dzi 2q )) for each 1 < g < 2 P ~ 1 — 1. From Formulas (1 — 9) or from 
Formulas (i — vi) and induction by p with the help of doubling procedures it follows, that 
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(15) {(frpfl(z) A ... A P)t) _i(z) A Kp >v (z) A PlV +i(^) A ... A Pi 2f-i-i(^)} 9o (2f-i) = 
for each v = 0, 1,.„,2 P_1 - 1. 

In the (C — z, C — ^-representation 
IC - A 2 = £:=i( s C - % - s z), hence: 

(16) d c \(-z\ 2Pn = (2P- 1 n)\(-z\ 2Pn - 2 j:: =1 {(d s O( s C- s z) + (%- s z)d%}. 
From Formulas (15, 16) it follows, that 

(17) d c (\C ~ z\ 2Pn e z (Q) = C' p 2v- l n{w 2P ( l Q A ... A w 2P ( n ()} qo(nh 

since = + d^. Now calculate d^9 z (() in U \ {z} using Formulas (15 — 17): 

(18) d c 9 z (() = 0. 

There exists e > such that for each < e < e the ball B(A p , z, e) := {( G : 
|C — z\ < e} and hence the sphere S(A p ,z,e) := {( E A p : \( — z\ = e} = dB(A p) z, e) are 
contained in U. Apply the Stoke's formula for vector-valued functions and differential forms 
componentwise, using the Euclidean space R 2Pn underlying A™, then 

(19) I s{ A^,e)f (CMC) = feuf(C)0 z (C)-fuSdf(C)}A9 z ((), where U e :— U \ B(A p , z, e), 
< e < e . Therefore, from (15, 18) it follows, that 

(20) B v df = Budf, since df = df + df, where df(() = (df(()/d().d(, df(() = 
(df(()/d().d(, f(C) = f(C,C) is the abbreviated notation. 

In view of Formula (18) and the Stoke's formula: 
(21) j s{A ^ e) 0,(0 = [(2 7 r) 2p - 1 V(2^)!!]- 1 [e- 4 "J f B{A n, z , e) (dV)e = e, where dV is the stan- 
dard volume element of the Euclidean space R 2Pn . In the even dimensional Euclidean space 
R 2fc the volume V 2k of the ball of radius 1 relative to the standard Lebesgue measure A with 
A([0,l] 2fc ) = 1 is V 2k = {2n) k /(2k)\\ (see §XI.4.2, Example 3, in [27]). Then Formula (21) 
implies, that 

lim e ^o/ 5 (^,z,6)/(C)^(C) = f(z), since 

hA^(C)-f{z))d z {Q = e-^j s{ ^ The form [|C~ 

z\ 2Pn - l 6 z {Q] is bounded on U, consequently, | J s{A? ^ e) (f(() - f(z))9 z (()\ < C x max{|/(C) - 
f(z)\ : C £ B(A™, z,e)}, where C\ is a positive constant independent of / and e for each 
< e < e . Therefore, Formula (1) follows from Formula (19) by taking the limit when e > 
tends to zero and using Identity (20). 

3.3. Corollary. Let U be an open subset in A™, 2 < p G N, and f be a continuous 
function on cl(U) and A p -holomorphic on U. Then 

(1) / = B 9u f onU, 

where By and Bqjj are the integral operators given by Equations 3.1.(13, 14). 

Proof. From df = 0, since df(()/d( = 0, and Formula 3.2.(1) implies Formula 3.3.(1). 

3.4. Definitions and Notations. Suppose that U is a bounded open subset in A™ and 
ip((,z) be an A p - valued C 1 -function (by the corresponding real variables) defined on V x U, 
where V is a neighbourhood of dU in A p , such that 

(1) < ip(( : z);( — z >t^ for each (£, z) G dU x U. Then ip is called an ^-boundary 
distinguishing map. Consider the function: 

(2) ^((,z,\):=\((-z)<(-z;(-z>- 1 

+(i-A)V(C,2)<C-^(C,2) >~\ 

(see Formula 3.1. (vii)) and the differential forms: 

(3) 4o( S ^(C, z, A), %) := [(d , f , s z + d x ) S ^(C, z, A)] A d % 
^o( s V f (C,z,X), %):= s fj^(,z,\)d s (, 

(4) Pitt ( V(C, z, A), %) := (i 2u {[(d sf , , 2 + d A ) V(C, A)]* 2u }) A (* 2u (d s C^ 2u )), 
#,,«( s ^(C,z, A), S C) := M S ^(C,^, A)i 2u )](i 2u (d S CW) for each u > 0, 

(5) P ,o( V(C, z, 0), S C) := [9 -c, °* "vHC, ^, 0)] A d s (, 



16 



s f)^((,z,0), %) := (i 2 u{[ds C , *z s f)^((,z,0)]i 2u }) A {i 2u {d %i 2u )) for each u > 0, 

(6) w 2P ( s fj^((,z,X), s z):=C p {^ ( s ^((,z,X), s z)a]) p , 1 ( s ^((,z,X), s z) A ... 

A0 p ,2P-i-l( V(C,^,A), S z)} qo{2P -l), 

where C p = ([(2* - 2)!]2(2f" 1 - l))" 1 ; 

(7) w 2P , u ( s ^((, z, A), := {0 PiO ( S ^(C, A), s z) A ... A 4 u _x( V(C, A), s z)A 
#,,„( V(C, A), s z) A P , U+1 ( V(C, z, A), ^) A A 4, 2P -i-i( s f (C, A), W-i), 
analogously to (3 — 7) there are defined P)U ( S V>(£, z)), pu ( SHC 2 )), ^2p( ^^CC? ? s z), 
^2p,u( ^(C- 2 ), s <z) f° r eacn m > with s -?/;(C,-2) instead of s fj^((,z, A); 

(8) f)2 := C , 2 (^(C, z); C) := C' p < ^(C, z); C - z >~ 2V ~ ln 

n IP- 1 -! 

S =l M=0 

t&2p,„( ^)A* 2P ( S+1 ^(C^), 8+1 z) A...Aw 2P ( n i>((,z), B C)}»(»); 
(9) fe, A :=^(C^);C):= 

c'pE E OM V(C,^,a), ^a.-.a^c-VCC^a), s -^)a 

5 = 1 M=0 

w 2P , u ( s vH(,z,X), s z)Aw 2P ( s+1 f((,z,\), s+1 z)A...Aw 2P ( n f((,z,\), n C)}»(»)- 
If / is a bounded differential form on [/, then define the integral operators: 

(10) {L%jf){z):= f /(C)A^(C,^);C), 

(ii) (Rtuf)(z) L /(C)a&,.,a(iKC,*);0- 

JCG9(7,0<A<1 

3.5. Theorem. Let [/ &e an open subset in A™, 2 < p G N, wift a piecewise C 1 -boundary 
and let tp be an A p -boundary distinguishing map for U. Suppose that f is a continuous 
mapping f : cl{U) — > „4 P s«c/i i/ia£ 9/ is also continuous on U in the sence of distributions 
and has a continuous extension on cl(U). Then 

(1) / = (Lguf) - (Rtudf) - (Budf) on U, 

where the A p integral operators B v , L^ v and Rg V are given by Equations 3.1(13), 3.4(10, 11). 
Proof. There is the decomposition: 

(2) ^^ES^T}^^), 
where T^(£, z,X) is a differential form with all terms of degree q by z and z and their 

multiples on Ap constants and of degree (2 p n — q — 1) by ((, A) (including ( and multiples 
of ( and ( on A p constants). A differential form / has Decomposition 3.2(12). If ip(z) is 
an A p z-superdifferentiable nonzero function on an open set V in A p , then differentiating 
the equality (ip(z))(ip(z))~ 1 = e gives (ip(z)){d z (tp(z))~ 1 .h} = — (d z Tj)(z).h)(ip(z))~ l for each 
z G V and each h G A™. Then 

Icedu,o<x<i 

f r (C) A TJ(C, z,X) — for each r^q + 1, 
since dim(dU) = 2 p n — 1, dX A dX = and dX commutes with each b G A p . Therefore, 

(3) RtvU = / C6at/i0 <A<i/r(C) A Tt^Cz, A) for each 1 < r < 2"- 1 n and R^fr = for 
r = or r > 2 p_1 n. In particular, if / = /i, then 

(4) ^a;//i = /ceai/,o<A<i 

where (f)^,\(ip(C, z )\ C)> * s obtained from 0^ i2i a(V ; (C ; 2); C) by substituting all <9 s ^ s z in Formulas 
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3.4(3 — 7, 9, 11) on d ^. On the other hand, with the help of Formulas 3.2(1 — 9, 15) each A p 
external derivative d ^ can be replaced on d ^ in 4>(,\(ip((, z); () in Formula (4). For 
there is the decomposition: 

(5) 4>c,z = Y<l=o n_1 T^(C, z), where T^(£, z) is a differential form with all terms of degree 
q by z and z and their multiples on A p constants and of degree 2 p n — q — 1 by ( and ( and 
their multiples on A p constants. Therefore, 

(6) Ltufr = I C edu fr A T^(C, z) for each < r < 2^n - 1 
and l^Qufr = for r > 2 p ~ l n. In particular, for / = / ; 

(7) 4,/o = W/o(C)^(C^);C), 

where (f)Aip(C, z)), is obtained from (f>£ tZ (i/)(C, z)\ Q by substituting all d^ z in Formulas 3.4.(3— 
10) on d c . 

In view of Formula 3.2(1) it remains to prove, that Rgjjdf = L^ v f — B du f on U. For 
each ( in a neighborhood of dU there is the identity: 

(8) < ^(C, z, A); C - z >= 1 for each < A < 1, hence d^ x < ^(C, z, A); C - z >= 0. 
By Formulas 3.2(15 - 18) : 

(9) dc,A0c,2,A = 0. From Identities 3.2(15 — 18) it follows, that 

(10) 4/ A C A = 0. Therefore, from (4), (9), (10) it follows, that 

(11) d c ,,[f(()M = ft/(C)] A C A, since d c f(() = ESLi(9/(C,C)/9 S C)-^ S C Due to 
Formulas 3.2(15 - 17) and 3.4(1 - 9): 

(12) 0c,a|a=o = 0c, 0c,a|a=i = ^(C)- 

If T(£, z, A) is a differential form over A p , then 

^(C) z -> ^) — S^o 1 ^s(Co, C2P-I) ^0, ^2p-i, A)i s , 

where C = Co^o + ••• + C^-ii^-i, C> ^ e A»> Co, -, (2^-1, z , z 2 p-i, A G R, {i , ...,i 2 p-i} 
denotes the set of standard generators of A p , ^ s is with values in R for each s = 0, 2 P — 1. 
From the Stoke's formula for vector-valued differential forms, in particular, for 
L/(C)0c^aO(C,<2);O] on dU x [0,1] and Formulas (4), (7), (11), (12) above it follows the 
statement of this theorem. 

3.6. Corollary. Let conditions of Theorem 3.5 be satisfied and let f be an A p holomor- 
phic function on U, then f = Lg V f on U . 

3.7. Remark. For n — 1 Formula 3.2.(1) produces another analog of the Cauchy-Green 
formula (see Theorem 2.1 and Remark 2.1.1) without using the A p line integrals. This is 
caused by the fact that the dimension of A p over R is greater, than 2: dim-^Ap = 2 P , that 
produces new integral relations. Theorem 3.2 can be used instead of Theorem 2.1 to prove 
theorems 2.3 and 2.11 (with differential forms of Theorem 3.2 instead of differential forms 
of Theorem 2.1). 

If %jj((,z) = ( — z, then Vq V = Bqu and Rg V = 0, hence Formula 3.5.(1) reduces to 
Formula 3.2.(1). For a function / or a 1-form / Formulas 3.2(13, 14) respectively are valid 
as well for z) instead of 9 Z ((), where d^ z 9((,z) = for each ( ^ z. A choice of P)S 
and W2p is not unique, for example, d( A d( A d( A d( may be taken in H, since it gives 
up to a multiplier Ce, where C is a real constant, the canonical volume element in H and 
d( A d( A d( A d( = 0. 

Formulas 3.2.(1) and 3.5.(1) for functions of A p variables are the Ap analogs of the 
Martinelli-Bochner and the Leray formulas for functions of complex variables respectively, 
where ^(C, z) is the A p analog of the Leray complex map (see §3.4). In the A p case the algebra 
of differential forms bears the additional gradation structure and have another properties, 
than in the complex case (see also §§2.8 and 3.7 [19]). Lemma 3.9 below shows, that the A p 
boundary distinguishing maps exist. 

3.8. Definitions and Notations. Let a subset U in A™, 2 < p e N or p = A, be given 
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by the equation: 

(1) U := {z E Ap : p(z) < 0}, where p is a real-valued C 2 -function such that there exists 
a constant eo > for which: 

(2) J2f^=i(d 2 p(z)/dx l dx m )t l t m > e \t\ 2 for each t E R 2Pn for finite p with 
l z = TZ=i x 2Hi-i)+mSm, S m := i m _i for each m, x { E R; or 

(2YElm=i(d 2 p(z)/d l zd m z).( % m h) > e \\h\\ 2 for each h E A n p for infinite p = A, where 
z = ( 1 z, n z) ) l z E A p . Then U is called strictly convex open subset (with C 2 -boundary). 
Let 

(3) w p (z) := (dp(z)/d l z, dp(z)/d n z). 
Put for finite 2<pGN 

v p (z) := J2m=i( w p-Sm)S m , where as usually w p .S m = (d z p(z)).S m is the differential of the 
function p. 

For infinite p = A take a collar neighborhood V for dU such that for each ( E V 
there exists a unique point £ G <9£7, for which £ belongs to the segment of the straight line 
intersecting dU at the point £ along an outside normal (perpendicular) vector to dU at 
the point £ G dU, £ = f (£). Put 

< Up (C); /i >:= E m < ((dp(Q/dQ.S m )S m ; h >, 
where /i G ^4™, that defines f p , since \\h\\ < oo for each h E A™ and (dp(()/d() E C 1 is a 
bounded operator for each £. 

3.9. Lemma. Let the function v p be as in §3.8. Then v p is the A p -boundary distinguish- 
ing map for U. 

Proof. Since S m S t = (-l) K(5m)K(Si) ,S Zl S m for each m ^ I, where re(Si) = 0, K (S m ) = 1 for 
each m > 1, then 

< Wp (C);C - * > + < C - ^p(C) >= 2E£?(0p(C)/ar I )* I (C - *), 

when p is finite, where xi = X[(() and xi(( — z) are real coordinates corresponding to ( and 
( — z. For infinite p = A there is the equality: 

< v p (();( - z> + <(- z;v p (C) >= 2Re[J2ti(MC)/d l ( - l z)\. 

By the Taylor's theorem: p(z) = p(()— < v p (();( - z > /2- < ( - z;v p (() > /2 + 
El m =i(d 2 p(C)/d l (d m ().(( l ( - l z), ( m ( - m z)/2 + o(|C - z\ 2 ). Therefore, there exists a 
neighborhood V of dU and e 1 > such that 

(1) (< v p (C);C- z> + <(- z;v p (C) >)/2 > p(() - p{z) + e |C - z\ 2 /A for each C G V 
and \( — z\ < ei, where a = Z) m a m S' m for each a E A p , a m are reals. If z E U, ( E dU, 
\z -(]<€!, then by (1): (< v p (()- ( - z > + < ( - z; v„(Q >) > -p(z) > 0. If \( - z\ > e u 
put Z\ := (1 — €i\( — z\~ 1 )( + ei\( — z\~ x z, then ( — z\ — ei|£ — 2|~ 1 (C — z ), consequently, 
(< v p (C); C — 2> + <C — z; v p (Q >) e /2 > — p(zi). Evidently, U is convex and Z\ E U. 

3.10. Theorem. Let U be a strictly convex open subset in A™, 2 < p E N or p = A, 
(see 3.8.(1)^ and let f be a continuous function on U with continuous df on U in the sense 
of distributions having a continuous extension on cl(U) such that 2.11. (i) is satisfied. Then 
there exists a function u on U which is a solution of the d-equation 2.11. (ii). 

Proof. Reduce the proof to the finite case as in §2.3. In proofs of Theorems 2.3 and 
2.11 take in Formula 3.5(1) xf instead of /, which is possible due to Lemma 3.9, choosing 
ijj = v p and supp(x) as a proper subset of U. Then Lgjjxf = and RguXf — 0, hence xf — 
-Budxf. For each fixed z E U a subset l U v := {£ G A p : p{ 1 z, l_1 z,£, l+1 z, n z) < 
0} is strictly convex in A p due to 3.8(1,2), where 77 := ( 1 z, ^z, l+1 z,..., n z). Apply 
3.5(1) by a variable £ in l U v , in particular, for I = 1, for which v p by the variable £ is 
the .Ap-boundary distinguishing map for 1 U 1] . Therefore, u(z) := —B i v 1 f(£,r}).d£ with 
z = (£, £ £ 1 U V solves the problem. 
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4 Manifolds over Cay ley- Dickson algebras 



4.1. Definitions and Notations. Suppose that M is an A p manifold and let RL(N,A P ) 
be the family of all right ^4 p -superlinear operators A : Ap — > ^4^, where 2<p6Norp = A. 
Then an A p holomorphic vector bundle Q of A p dimension N over M is a C°°-vector bundle 
Q over M with the characteristic fibre Ap together with an A p holomorphic atlas of local 
trivializations: g a>b :U a nU b ^ RL(N, Ap), where U a l~l U b ^ 0, {(U a , h a ) : a G T} = At(Q), 
U a ^4 = M, U a is open in M, h a : Q\u a ^ U a x Ap is the bundle isomorphism, (z, g a ^{z)v) = 
h a ° h b ~ 1 (z, v), z G U a (l U b , v G Ap. If Y N is the underlying to Ap real vector space, then 
suppose, that each g a f, induces a R-linear isomorphism of Yn onto itself. Since M has the 
real underlying manifold Mr,, then there exists the tangent bundle TM such that T X M is 
isomorphic with Ap for each x G M, since TU a — U a x ^4™ for each a, where dim^ p M = n 
is the *4 P dimension of M. 

If X is a Banach space over A p (with left and right distributivity laws relative to multi- 
plications of vectors in X on scalars from Ap) , then denote by X* the space of all additive 
R-homogeneous functionals on X with values in A p . Clearly X* is the Banach space over 
A p . Then T*M with fibres ((Af) q )* denotes the A p cotangent bundle of M and A r T*M 
denotes the vector bundle whose sections are A p r-forms on M, where S b dx b A S a dx a = 
-(-l) K{Sa)K{Sb) Sadx a A S b dx b for each S a ^ S b G {i , ...,i 2 p-i}, dz = YZ=i dx m S m , z G A p , 
x b G R. 

The A p holomorphic Cousin data in Q is a family {f a ,b : a, & G T} of A p holomorphic 
sections f a>b : U a H U b ^ Q such that f a>b + f b ,i = f a ,i in U a H U b H Ui for each a, b, I G T. 
A finding of a family {/ a : a G T} of A p holomorphic sections f a : U a — > Q such that 
fa,b — fa~ fb i n U a fl C/ 6 for each a,b E T will be called the Ap Cousin problem. 

4.2. Theorem. Let M be an A p manifold and Q be an A p holomorphic vector bundle 
on M, where 2<p6N or p = A. Then Conditions (i,ii) are equivalent: 

(i) each A p holomorphic Cousin problem in M has a solution; 

(ii) for each A p holomorphic section f of Q such that df = on M , there exists a 
C 00 -section U of Q such that (du/dz) = f on M. 

Proof, (i) — > (ii). In view of Theorems 2.11 and 3.10 there exists an (open) covering 
{U a '■ a} of M and C°°-sections u b : U b — > Q such that (du b /dz) = f in U b . Then (u b — u{) 
is A p holomorphic in U b fl Ui and their family forms the A p holomorphic Cousin data in Q. 
Put u := u b — h b on U b , where u b — u t = h b — hi, h b : U b — > Q is an A p holomorphic section 
given by (i). 

(ii) — > (i). Take a C°°-partition of unity {x b '■ b} subordinated to {U b : b} and c fe := 
-Y,aXafa,b on U b , then f hb = T,aXa(fi,a + fa,b) = Cj - Ce, in C/jHC/fc, hence (dci/dz) = (dc b /dz) 
in L/j fl f/ft. By (ii) there exists a C°°-section u : M — > Q with (du/dz) = (dc b /dz) on [/& and 
h b := c b — u on U b gives the solution. 

4.3. Definitions. Suppose [/ is an open subset in A p , then a C 2 -function p : U — > R is 
called subharmonic (strictly subharmonic) in [/ if Y,m=i^ 2 p/^ x m ^ (ELi^P/^i > 
correspondingly) for finite p > 2; or 

(d 2 p(z)/dzdz).(£,!;) > (or > 0) for each z £ U and each 7^ £ G for p = A, where 
-2 — El=i x m S m G C/, where x m G R for each m. 

If U is an open subset in Ap, then a C 2 -function p : [/ — > R such that the function 
£ 1— > p(f + C^) is subharmonic (strictly subharmonic) on its domain for each v, w G ^4p is 
called plurisubharmonic (strictly plurisubharmonic correspondingly) function, where ( G »4p. 

A C^-function p on an manifold M is called a strictly plurisubharmonic exhausting 
C'-function for M, 2 < v G N, if p is a strictly plurisubharmonic C^-function on M and for 
each a G R the set {2 G M : p(z) < o} is bounded in M. 



20 



4.4. Theorem. Let M be an A p manifold with strictly plurisubharmonic exhausting 
function p such that p is a ' r function and let Q be an A p holomorphic vector bundle on 
M, U a := {z G M : p(z) < a] for aGR, where 2<pE~Norp = A. 

(i) . Suppose that dp{z) 7^ for each z G dU a for a marked aGR. Then every continuous 
section f : cl{U a ) — > Q which is A p holomorphic on U a can be approximated (uniformly for 
finite p) on cl{U a ) by A p holomorphic sections of Q on M. 

(ii) . For each continuous mapping f : M — > Q such that df = on M there exists a 
continuous mapping u : M — > Q such that du/dz = f on M. 

Proof. For a C£ 5 - function p : U — > R (that is, p is locally analytic in variables (z,z), 
R = Re <^-> Ap) there is the identity: 

Y,l, m ,a,bi, d2 p/ d lx a d m Xb)hp(l-l)+at2P(l-l)+b = 

Em,l( d2 p( Z )/ d lzd mZ )-(( d lz l d l Xa)t 2P (l-l)+a, (9 m z/d l X b )t 2P{l _ 1)+b ) 

= J2^,i=i(d 2 p(z)/d l zd m z).{ ! f, m i) for finite p, since d l z/d l x a = S a , d l z/d l x a = (-l)< s ^S a , 
where = ELi t 2 p(i-i)+mS m , 5 m = i m _i for each m, l z = YZ=i lx mS m , t b G R, l x m G R. 
Therefore, a C^-function p is strictly plurisubharmonic on U if and only if 

(1) E T ^,i=i(d 2 p(z)/d l zd m z).( m £) > for each z E U and each ^ £ G where 
£ = ( n £) (see also §2 [19, 20]). Consider a proper bounded closed subset A in M such 

that <ip(,2) 7^ for each z e A. Then for each e > there exists a strictly plurisubharmonic 
function p e : M — > R such that pe is a Ci^-function on M and (i — Hi) are fulfilled: 

(i) p — p e together with its first and second derivatives is not greater than e on M; 

(ii) the set Crit(p e ) := {z E M : dp e (z) = 0} is discrete in M; 

(iii) p e = p on A (see also Lemma 2.1.2.2 [7] in the complex case). 

The space C^(U, A p ) is dense in C (U, A p ) for each open U in Al 1 (see §2.7 and Theorem 
3.28 in [19, 20]). Suppose (5 G R and dp(z) ^ for z G dC/^ and / : cl(Up) -> Q is a 
continuous section „4 P holomorphic on C/g. Therefore, for each /3 < a < oo if dp(z) ^ for 
each z G <9?7 a , then / can be approximated (uniformly for finite p) on cliUp) by continuous 
sections on cl(U a ) that are holomorphic on U a . There exists a sequence (5 < a\ < a 2 < ... 
such that linn ol\ = 00 and dp(z) 7^ for each z G dU a[ , since Crit(p) is discrete. For each 
e > and each natural number s satisfying 2 < s < p there exists a continuous section 
// : cl(U ai ) -> Q such that /z is „4 P holomorphic on U ai and - /j||c°(c/ a( , 3 ) < e2~'~ 1 

for each / G N, where / := /, M s denotes the (2 s -dimensional over R) closed submanifold 
in M induced by the embedding of A s into A p , when p is infinite, or put M s = M for 
finite p taking s = p, U auS := U ai H M s . Therefore, the sequence {// : / G N} converges to 
the A s holomorphic section g : M s — > Q uniformly on each compact subset P in M s and 

11/ -9\\c°(u , a ) < e- 

The second statement (ii) follows from («) and Theorems 2.11,3.10, since Crit(p) is 
discrete in M and there exists a sequence of continuous Q-valued functions on cl{U ai ) such 
that dui/dz = f in the sense of distributions on U ai , Uz — M (see also the complex case 
in §2.12.3 [7] mentioning, that Lemma 2.12 A there can be reformulated and proved for an 
A p manifold M on A n p instead of a complex manifold on C n ). 

4.5. Definitions. Let M be an A p manifold (see §2.10), where 2<pGNorp = A. For 
a closed bounded subset G in M put: G% := {z G M : \f(z)\ < sup CgG |/(C)| V/ G 7i(M)}. 
Such is called the ft(M)-hull of G. If G = G%, then G is called ^(M)-convex. An A p 
manifold M is called A p holomorphically convex if for each closed bounded subset G in M 
the set G'm is closed and bounded. 

An A p manifold M with a countable atlas At(M) having dimension n over A p and 
satisfying (i, ii): 

(i) M is ^4 P holomorphically convex; 
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(ii) for each z G M there are 1 f, n f G 77(M) and there exists a neighbourhood {7 of 
z such that the map U 3 £ i— > ( 1 /(C), ™/(C)) is biholomorphic (see §2.6), then M is 
called an Stein manifold. 

4.6. Remark. If M\ and M 2 are two A p Stein manifolds, then Mi x M 2 is an Stein 
manifold. If N is a closed .Ap submanifold of a „A P Stein manifold M, then N is also an A p 
Stein manifold. 

4.7. Theorem. Let M be an A p Stein manifold, where 2<pGN or p = A. 27ien /or 
each TC(M) -convex closed bounded subset P in M, P ^ M and each neighborhood V P of P 
there exists a strictly plurisubharmonic exhausting r function p on M such that p < on 
P and p > on M\V P . 

The proof of this theorem is analogous to that of Theorem 2.3.14 [7] in the complex 
case taking p(z) := -1 + £j=i ££? f^(z)(f l k (z)) : for each z G M, where /,* G C£ 5 , M = 
UjPj, C Int(P l+1 ) for each / G N, each P is ft(M)-convex, Efi? I/?^)! 2 < 2"' for 
each z G P, Efi? |/f(^)| 2 > I for each 2 G P +2 \ C/j, C/", := Int(P l+1 ), with the rank 
rank[(dfi/d m z)^~2i'..' 1 ^}^] = 2 p n over R for each z G p for finite p or (f 1 , f N ^)(z) is 
regular for infinite p (see Definitions 2.6 and 4.3). 

4.8. Theorem. An A p manifold M is an A p Stein manifold if and only if there exists 
a strictly plurisubharmonic exhausting '^-function p on M , then {z G M : p(z) < a} is 
7i(M)-convex for each a G R ; where 2<pGN or p = A. 

Proof. The necessity follows from Theorem 4.7. To prove sufficiency suppose rj = 
( 1 r], n rj) are A p holomorphic coordinates in a neighbourhood of £ G M. Consider 

(1) ^):=2££ m=1 <^(0;^)-?7(0> 

+ E?, m =i(d 2 P (0/d l vd m v).[( l v(z)- l v(0),( m v(z)- m v(0)}e, 

where v p (£) is given by 3.8.(3). Then u is holomorphic in and w(£) = 0. By Lemma 3.9: 

(2) (u(z) + u(z))/2 = p(z)- P (0-El m =i(d 2 p(0/d V m v)-l( l v(z) ~ tyO), ( m v(z) ~ 
m v(0)'} + °(\v(0 ~~ r ?(- 2 )| 2 )- From the strict plurisubharmonicity of p it follows, that there 

exists (3 > and V£ such that 

(3) (u(*)+«(z))/2 < p{z) - p(£) ~ - V(0\ 2 for each * G V^. Then exp («(£)) = 1 
and | exp(u(z))\ < 1 for each z £ cl(U a ) PI V£ (see Corollary 3.3 [19], Corollary 3.3 and 
Note 3.6.3 [20]). 

If <? : R — > .A p is a C°°-function with bounded (closed) support, then ^(-zz) =: x(z) is a 
(7°°-function on A™ with bounded closed support such that x is A> (z, 5)-superdifferentiable. 
Therefore, there exists a neighbourhood W$ C V£ of £ and an infinitely (z, 5)-superdifferentiable 
function x such that x I w e — 1> su PP(x) is a proper subset of V£, consequently, 

lim m _ +00 || exp(m«(z))(9x(^)/^)||c70( l 7 a ) = 0, 
where (dx(z)/dz) = (dx(z)/d 1 z, ...,dx(z)/d n z). In view of Theorem 3.10 there exist con- 
tinuous functions v m on cl(U a ) such that 

(dv rn /dz) = exp(mu(z))(dx/dz) in U a and lim^^ \\v m \\ c o (Ua) = 0. 

Put g m (z) := exp(mu(z))x(z) — v m (z) + v m (£), hence g m is continuous on cl(U a ) and 
«A P holomorphic on U a . Since supp(x) is the proper subset in V^, then g m {C) = 1 for each 
m G N, siip m ||<7 m ||c°(i7 a ) < oo and for each bounded closed subset P in cl(U a ) \ {£} there 
exists lim m ||<7 m ||c°(P) = 0. In view of Theorem 4A.(ii) there exists a sequence of functions 
f m G Tt(M) and C = const < oo such that (a) / m (£) = 1 for each m G N; (6) ||/ m ||c°(t/a) < C 
for each m G N; (c) linv^oo ||^ m ||c°(p) — for each closed bounded subset P C cl(U a ) \ {£}. 

Consider an A p holomorphic function / on a neighborhood of £ such that /(£) = 0. 
Put m := f exp(mu)dx/dz, then supp((p m ) is the proper subset in \ W^. In view of 
Inequality (3) there exists 5 > such that lim m ||0m||c°(c/ Q+a ) — 0. As in §4.4 it is possible 
to assume, that Crit(p) is discrete in M. Take < e < 8 such that dp ^ on dU a+e . 
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In view of Theorem 4.4. (ii) there exists a continuous function v m on cl(U a+e ) such that 
dv m /dz = (p m on U a+e and lim m ||v m ||c (t/ a+£ ) — 0. Each v m is ^4 p -holomorphic on W%, 
since m = on W^, hence ftm m dv m (£) = 0. Since /(£) = w(£) = and x — 1 on 
Wt, then dg k (£)/d$, = df(£)/d£ - dv k (^)/d^, where ^ := /(xexp(fcu)) - u fc . In view of 
Theorem 4.4. (i) there exists / m G H(M) such that ||/ m — <? m ||c°({/ a+e ) < and inevitably 
lim m \0J m (0/(K ~ Og m (0/<K\ =0. 

Let V% and be as above, then there exists S > such that (u(-z) + u(z))/2 < —5 for 
each z G C/ a+( 5 fl (V^ \ W$). Therefore, there exists a branch of the A p logarithm Ln(u) G 
H(U a+s n (Vt \ cZ(V € )) (see §§3.7, 3.8 [19, 20]). From Theorems 4.2,4.4 it follows that each 
A p holomorphic Cousin problem over U a+ s has a solution. Hence Ln(u) = w\ — w<i for 
suitable w\ G H(V^ fl C/ Q+< 5) and -U7 2 G H(U a+ s \ cl(W^)). Put / := wexp(— u>i) in U a+ s fl V£ 
and / := exp(— w 2 ) in C/ a+( j\cZ(W^). Then / G H(U a+ s) and /(£) = 0. In view of Inequality 
(3) f(z) 7^ for each ( ^ z 6 cl(U a ). Verify now that cl(U a ) is 7i(M)-convex. Consider 
£ G M\cl(U a ). Due to §4.4 there exists a strictly plurisubharmonic exhausting C^ r function 
ip for M such that Crit(ip) is discrete and C/ Q C G^y where Gp := {z E M : ip(z) < (3} 
for /3 G R. Considering shifts ^ i— > ^ + const assume dip(z) 7^ for each z G dG^uy From 
the proof above it follows, that there exists / G TC(M) such that /(£) = 1 and < 1 for 

each z G cl(U a ). 

4.8.1. Remark. With the help of Theorem 4.8 it is possible to spread certain modifi- 
cations of Theorems 3.2 and 3.5 on A v Stein manifolds. 

4.9. Theorem. Let N be an A s manifold with 1 < s < oo (where Ai :— C), then for 
each p with s < p or s C N C p = A, s / p, there exists an A p manifold M and an A s 
holomorphic embedding 6 : N M. 

Proof. Suppose At(N) = {(V a ,ip a ) : a G T} is any A s holomorphic atlas of N, where 
V a is open in N, \J a V a = N, ip a : V a — > ip a (V a ) C A™ is a homeomorphism for each a, 
n = dim^ s M G N, {V^ : a G T} is a locally finite covering of N, ipb o ip' 1 is a holomorphic 
function on ip a {V a fl V&) for each a, 6 G A such that V a fl V& 7^ 0. Since .4™ is normed, then 
it is paracompact together with M by Theorem 5.1.3 [6]. For each A s holomorphic function 
/ on an open subset V in A™ there exists an A p holomorphic function F on an open subset 
U in A^ such that n(U) = V and F\ v = f\ v , where n : A™ — > «4™ is the natural projection 
(see Proposition 3.13 [19] and analogously in the general case using local analyticity and a 
locally finite covering of V). 

Therefore, for each two charts (V a ,ip a ) and (Vb,ipb) with V a ^ :— V a fl V& 7^ there exists 
C/ 0j6 open in ^4™ and an A p holomorphic function \P 6j0 such that *b,oUa(v , t ) = VvUa(v a , 6 ), 
where ^ a := ^ h o t/t" 1 , 7r(C/ 0)6 ) = ^a(K,b)- Consider Q := a Q a , where Q a is open in 
Ap, Tt(Qa) — ipaiYa) for each a G T. The equivalence relation C in the topological space 
a -0 a (V a ) generated by functions ipb,a has an extension to the equivalence relation H in Q. 
Then M := Q/H is the desired A p manifold with At(M) = {(V a ,U a ) : a G T} such that 
q b o tf- 1 = ^ a for each C/ a n C/ 6 7^ 0, K'Ua^a) = 'U.^) f o r each a, ^ : Q a -> U a is 
the v4. p homeomorphism. Moreover, each homeomorphism ip a : V a — > -?/' a (V r a ) C ^4™ has the 
.4p extension up to the homeomorphism \I/ a : U a — > , I / a (?7 a ) C ^4^. The family of embeddings 
?7a : i>a(Va) Qa such that ii o r] a = id together with At(M) induces the A s holomorphic 
embedding 9 : N > M. 

4.10. Definition. Let M be an A p manifold, 2<pGNorp = A. Suppose that for each 
chart (U a ,(f) a ) of At(M) there exists an Ap superdifferentiable mapping r : u G <j) a (Ua) | — >■ 
r(u) G Lg(X,X,X g *;„4 p ) = L 9 (X,X;X), where L q (X n , (X*) m ; Y) denotes the space of all 
quasi-linear mappings from X n x (X*)" 1 into F (that is, additive and R-homogeneous by 
each argument x in X or in X*), where X and Y are Banach spaces over A p , X* denotes 
the space of all additive R-homogeneous functionals on X with values in A p (see §4.1), 
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X* q = L q (X; A p ). If U a nU b ^ 0, let 

(1) D(<p b o 0- 1 )T(0 a ) = D 2 (<p b o + r(0 6 ) o (.0(0, o x D(0 6 o These T(0 a ) 
are called the Christoffel symbols. Let E = B(M) be a family of all A p holomorphic vector 
fields on M. For M supplied with {r(0 a ) : a} define a covariant derivation (X, Y) G £> 2 i— > 
V X V G £>: 

(2) Vx^(«) = Dy(u).X(u) + r(w)(X(w),y(w)), where X(u) and Y(u) are the principal 
parts of X and F on (U a , <f> a ), u = (p a (z), z G U a . In this case it is said that M possesses a 
covariant derivation. 

4.11. Remark. Certainly for an A p manifold there exists a neighbourhood V of M in 
TM such that exp : V — > M is ^4 P holomorphic (see the real case in [9]). 

4.12. Theorem. Let / be an A p holomorphic function such that f is A p (right) super- 
linear on a compact A p manifold M, where 2 < p G N. Then f is constant on M. 

Proof. By the supposition of this theorem (/ o (j)^ 1 )". is A p (right) superlinear for each 
chart (Ub,<f>b) of M. Since M is compact and \f(z)\ is continuous, then there exists a point 
q G M at which 1/(^)1 attains its maximum. Let q G U b , then / o (p^ 1 is the A p holomorphic 
function on V b := 4> b {U b ) C A p , where dimj^M = n. Consider a polydisk V in A p with 
the centre y = 4> b {q) such that V C V b . Put y(iu) = / o fe _1 (y + (-2 — where iu is the 

A p variable. Then for each z G V there exists e z > such that the function <?(«;) is A p 
holomorphic on the set W z := {w : w G ^4 P , |iy| < 1 + e 2 } and attains its maximum 

at w — 0. In view of Theorem 3.15 and Remark 3.16 [19, 20] g is constant on W Z) hence / 
is constant on U b . By the A p holomorphic continuation / is constant on M. 
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